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We study the Klein-Gordon and the Dirac equations in the background of the
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for the Dirac equation, it turns out that these solutions can be expressed in terms of
Heun confluent functions and we discuss some of their properties.
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1 Introduction
In recent years, black holes with electric or magnetic charge, in presence of a scalar field
called dilaton, have been studied mainly in string theories. These charged black holes are
solutions of the low-energy four-dimensional effective theories obtained by dimensional com-
pactification of the heterotic string theories. Generically, the effective action of these theories
describe a massless dilaton coupled to an abelian vector field [1]. Due to the dimensional
compactification process, the dilaton is also non-minimally coupled to the Ricci scalar, the
effective solution being described in the so-called string frame. However, to facilitate com-
parison with the standard black holes in general relativity, it is convenient to go to the
so-called Einstein frame, by performing a conformal rescaling of the metric (for a review see
[2]).
A remarkable black hole solution of the effective four-dimensional compactified theory
was found by Gibbons and Maeda [3], [4] and independently re-discovered in a simpler
form, few years later, by Garfinkle, Horowitz and Strominger (GHS) [5] (for a review of its
properties see [6]). Even though, in terms of the string metric, the electric and magnetic
black holes have very different properties, in the Einstein frame the metric doesnt change
when we go from an electrically charged to a magnetically charged black hole (this is basically
due to the electromagnetic duality present in the Einstein frame. In the string frame the
electromagnetic field strength is also modified by the dilaton field [7]).
Using the GHS metric in the Einstein frame, the present work is devoted to a study of
the Klein - Gordon and Dirac equations, which describe charged particles evolving in the
Garfinkle– Horowitz–Strominge (GHS) dilaton black hole spacetime. Within a SO(3, 1) ×
U(1)−gauge covariant approach, it turns out that the solutions can be expressed in terms
of Heun confluent functions [8], [9]. A special attention is given to the resonant frequencies,
which arise here by imposing a polynomial form of the Heun functions. In general, the
so-called quasinormal modes have a discrete spectra of complex characteristic frequencies,
with the real part representing the actual frequency of the oscillation and the imaginary part
representing the damping. By comparing these modes with the gravitational waves observed
in the universe, one should be able to identify the presence of a GHS black hole [10], [11],
(see also in [12] the effect of the dilaton field imprint on the gravitational waves emitted in
the collision of two GHS black holes).
When the parameter related to the dilaton field goes to zero, one obtains the Klein-
Gordon and Dirac equations for the usual Schwarzschild metric, which have been intensively
worked out both in their original form and in different types of extensions. For instance,
recently, for the Schwarzschild metric in the presence of an electromagnetic field, the Klein–
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Gordon and Dirac equation for massless particles have been put into a Heun-type form [13],
[14]. One should note Heun functions are often encountered when studying the propagation
of various test fields in the background of various black holes or relativistic stars [15]- [20]
and also in cosmology, in the context of extended effective field theories of inflation [21].
The method used in the present paper, while based on Cartan’s formalism, is an alter-
native to the Newman-Penrose (NP) formalism [22], which is usually employed for solving
Dirac equation describing fermions in the vicinity of different types of black holes [23] - [27].
The structure of this paper is as follows: in the next section we present the solutions of
the Klein-Gordon and Dirac equation in the background of the GHS dilatonic black hole.
In section 3 we discuss the solutions of the massless Dirac equations in this background
and show how to recover the expression of the Hawking temperature. The final section is
dedicated to conclusions.
2 Klein–Gordon and Dirac Equations on the GHS dila-
ton black hole metric
In Einstein frame, the static and spherically symmetric GHS dilaton black hole metric is
given by [5]
ds2 = −Rdt2 + dr
2
R
+ r(r − a) [dθ2 + sin2 θ dϕ2] , (1)
where
R = 1− 2M
r
, and a =
Q2
M
, (2)
with M and Q being the mass and the charge of this black hole, which has an event horizon
at r = 2M and two singularities located at r = 0 and r = a. Obviously, if the electric charge
of the GHS black hole is zero, the metric (1) reduces to the Schwarzschild one.
The parameter a is is related to the dilaton field φ as1
e−2φ = 1∓ a
r
,
where the minus and plus signs are for the magnetically respectively electrically charged
black holes.
Within the SO(3, 1)−gauge covariant formulation , we introduce the pseudo-orthonormal
frame {Ea}(a=1,4), i.e.
E1 =
√
R∂r , E2 =
1√
r(r − a) ∂θ , E3 =
1√
r(r − a) sin θ ∂ϕ , E4 =
1√
R
∂t ,
1Note that we set the asymptotic value of the dilaton field φ0 = 0.
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whose corresponding dual base is
ω1 =
1√
R
dr , ω2 =
√
r(r − a) dθ , ω3 =
√
r(r − a) sin θ dϕ , ω4 =
√
Rdt ,
so that the metric (1) becomes the usual Minkowsky metric ds2 = ηab ω
aωb, with ηab =
diag [1, 1, 1, −1].
Using the first Cartan’s equation,
dωa = Γa.[bc] ω
b ∧ ωc , (3)
with 1 ≤ b < c ≤ 4 and Γa.[bc] = Γa.bc − Γa.cb, we obtain the following connection one-forms
Γab = Γabcω
c, where Γabc = −Γbac, namely
Γ212 = Γ313 =
r − a/2
r(r − a)
√
R , Γ323 =
cot θ√
r(r − a) , Γ414 = −
M
r2
√
R
(4)
In the pseudo-orthonormal bases (with η44 = −1), the fourth component of the one-form
potential is:
A4 = − 1√
R
Q
r
, (5)
and it corresponds to an electric field:
F14 = E1A4 − E4A1 + AcΓcab − AcΓcba =
Q
r2
.
2.1 The Klein-Gordon equation
For the complex scalar field of mass m0, minimally coupled to gravity, the Klein–Gordon
equation has the general SO(3, 1)× U(1) gauge-covariant form
ηabΦ;ab −m20Φ = 0 ,
i.e.
ηabΦ|ab − ηabΦ|cΓcab = m20Φ + 2iq Aa Φ|a + q2AaAa Φ , (6)
where
Φ;a = Φ|a − iqAaΦ ,
with Φ|a = EaΦ.
The two terms in the lhs of the relation (6) being respectively given by
ηabΦ|ab = R
∂2Φ
∂r2
+
M
r2
∂Φ
∂r
+
1
r(r − a)
[
∂2Φ
∂θ2
+
1
sin2 θ
∂2Φ
∂ϕ2
]
− 1
R
∂2Φ
∂t2
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and
ηabΦ|cΓcab = −
[
M
r2
+
R(2r − a)
r(r − a)
]
∂Φ
∂r
− cot θ
r(r − a)
∂Φ
∂θ
,
the Klein–Gordon equation (6) can be cast into the following explicit form
r(r − a)R∂
2Φ
∂r2
+ (2r − 2M − a)∂Φ
∂r
+
[
∂2Φ
∂θ2
+ cot θ
∂Φ
∂θ
+
1
sin2 θ
∂2Φ
∂ϕ2
]
−
[
r(r − a)m20 +
r(r − a)
R
(
∂
∂t
+ i
qQ
r
)2]
Φ = 0 . (7)
Using the separation of the variables with the ansatz
Φ(r, θ, ϕ, t) = G(r)Y m` (θ, ϕ)e
−iωt , (8)
where Y m` are the spherical harmonics, it turns out that the unknown function G(r) is the
solution of the differential equation
r(r − a)Rd
2G
dr2
+ (2r − 2M − a)dG
dr
−
[
`(`+ 1) + r(r − a)m20 −
r − a
r − 2M (ωr − qQ)
2
]
G = 0 . (9)
This equation can be solved exactly, its solutions being expressed in terms of the Confluent
Heun functions [8], [9] as:
G = e
αx
2
{
C1 x
β/2HeunC [α, β, γ, δ, η, x] + C2 x
−β/2HeunC [α,−β, γ, δ, η, x]} (10)
with the variable
x =
r − 2M
a− 2M
and parameters
α = 2i(a− 2M)
√
ω2 −m20 , β = 2i (2Mω − qQ) , γ = 0 ,
δ = 2
[
Mm20 − 2Mω2 + qQω
]
(2M − a), η = −δ − `(`+ 1) .
The α and β parameters being purely imaginary, the radial part of the density probability
is given by the square modulus of the Heun functions in (10). The two independent solutions
have the generic behavior represented in the figure 1, for r > 2M > a. The main features of
the probability curve are quite nice, i.e. it satisfies all the text-book requirements imposed
to a physically meaningful wave functions. In this respect, |G(r)|2 = 1 on the horizon and
it gets a series of local decreasing maxima, finally vanishing rapidly, at the spatial infinity.
If the number of these maxima was finite, the state would be bounded. Otherwise, it could
5
Figure 1: The square modulus of the function G(r) given in (10).
asymptotically radiate. More details on the physical phenomena related to these properties
are thoroughly discussed in [28], where the authors are computing the complex values of the
energy spectrum coming from the polynomial condition imposed on the Heun functions. In
[28] and [19], the authors were working in coordinate bases, with
A
(c)
4 = −
Q
r
,
so that A
(c)
4 dt = A4 ω
4, where A4 is given in (5).
In the particular case a = 0, corresponding to the familiar Schwarzschild black hole,
the function G has the same expression as in (10), but with the variable and parameters
computed for a = 0.
2.2 The Dirac equation
The spinor of mass µ minimally coupled to gravity is described by the Dirac equation
γa Ψ;a + µΨ = 0 (11)
with
Ψ;a = Ψ|a +
1
4
Γbca γ
bγcΨ− iqAaΨ .
In contrast to the Klein-Gordon case, the situation is more complicated in the case of
the Dirac equation (11) and this complication is basically due to the square root
√
r(r − a),
which appears in the expressions of E2 and E3. Thus, with the term expressing the Ricci
spin-connection given by
1
4
Γbca γ
aγbγc =
1
2
[
2r − a
r(r − a)
√
R +
M
r2
√
R
]
γ1 +
cot θ
2
√
r(r − a) γ
2 , (12)
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the Dirac equation becomes
γ1
[√
R
∂Ψ
∂r
+
2r − a− 3M + aM/r
2
√
Rr(r − a) Ψ
]
+
γ2√
r(r − a)
[
∂Ψ
∂θ
+
cot θ
2
Ψ
]
+
γ3√
r(r − a) sin θ
∂Ψ
∂ϕ
+
γ4√
R
[
∂Ψ
∂t
+ iq
Q
r
Ψ
]
+ µΨ = 0 . (13)
As in the previous Klein-Gordon case, one can use the separation of the variables
Ψ = ψ(r, θ)ei(mϕ−ωt) , (14)
with the function ψ(r, θ) defined as
ψ(r, θ) =
[
r(r − a)
√
R
]−1/2
χ(r, θ) (15)
and one obtains the explicit expression of the differential equation satisfied by χ(r, θ)√
Rr(r − a)γ1 ∂χ
∂r
+ γ2Dθχ+
im
sin θ
γ3χ
+ i
√
r(r − a)
R
(
qQ
r
− ω
)
γ4χ+ µ
√
r(r − a)χ = 0 , (16)
where
Dθ =
∂
∂θ
+
cot θ
2
.
Using the Weyl representation for the γi matrices,
γ1 = −iβ α3 , γ2 = −iβα1 , γ3 = −iβα2 , γ4 = −iβ , (17)
with
αµ =
(
σµ 0
0 −σµ
)
, β =
(
0 −I
−I 0
)
, so that γ5 =
(
I 0
0 −I
)
,
where σµ denote the usual Pauli matrices, the equation (16) becomes√
Rr(r − a)α3 ∂χ
∂r
+ α1Dθχ+
im
sin θ
α2χ
+ i
√
r(r − a)
R
(
qQ
r
− ω
)
χ+ iµ
√
r(r − a)βχ = 0 , (18)
and one may use again the standard procedure based on the separation of the variables.
Thus, with the bi-spinor χ written in terms of two components spinors as
χ(r, θ) =
[
ζ(r, θ)
η(r, θ)
]
, (19)
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where
ζ1 = S1(r)T1(θ) , ζ2 = S2(r)T2(θ) , η1 = S2(r)T1(θ) , η2 = S1(r)T2(θ) ,
one obtains the the following system of coupled radial equations for the components S1 and
S2, i.e.
S ′1 +
i(qQ− ωr)
rR
S1 +
1√
R
[
λ√
r(r − a) − iµ
]
S2 = 0 ,
S ′2 −
i(qQ− ωr)
rR
S2 +
1√
R
[
λ√
r(r − a) + iµ
]
S1 = 0 , (20)
if we take into account the following essential relations:[
d
dθ
+
cot θ
2
+
m
sin θ
]
T2 = λT1 ,[
d
dθ
+
cot θ
2
− m
sin θ
]
T1 = −λT2 . (21)
Thus, the angular parts TA, with A = 1, 2, are satisfying the decoupled equations
d2TA
dθ2
+ cot θ
dTA
dθ
−
[
(cos θ ∓ 2m)2
4 sin2 θ
− λ2 + 1
2
]
TA = 0 , (22)
with the solutions given by the spin-weighted spherical harmonics [29], for λ = `+ 1/2.
As for the radial equations, we employ the auxiliary function method and consider S1
and S2 as being
S1 = e
iωr
( r
2M
− 1
)2iωM−iqQ
Σ1(r) ,
S2 = e
−iωr
( r
2M
− 1
)−2iωM+iqQ
Σ2(r) , (23)
so that the system (20) leads to the following simpler equations for the unknown functions
ΣA:
Σ′1 +
( r
2M
− 1
)−4iωM+2iqQ e−2iωr√
R
[
λ√
r(r − a) − iµ
]
Σ2 = 0 ,
Σ′2 +
( r
2M
− 1
)4iωM−2iqQ e2iωr√
R
[
λ√
r(r − a) + iµ
]
Σ1 = 0 . (24)
The differential equation for Σ1, i.e.
Σ′′1 +
4iωr − 4iqQ+ 1
2(r − 2M) +
1
2(r − a) +
iµ(2r − a)
2
√
r(r − a)
[
λ− iµ√r(r − a)]
Σ′1
− r
r − 2M
[
λ2
r(r − a) + µ
2
]
Σ1 = 0 , (25)
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Figure 2: The function (26), for a = 1 and 2M = 1.5.
can not be analitically solved. Numerically, using Mathematica [30], with the initial condi-
tions
Σ1(2M+) = 0 , Σ
′
1(2M+) = 1 ,
the absolute value of the radial part of |ψ|2 given in (14), namely
F (r) =
1
r(r − a)√R |S1|
2 , (26)
is represented in the figure 2, for r > 2M > a.
This is describing the fermionic ground state in the outer region, with just one maximum
(as it should) and exponentially vanishing at infinity. We haven’t analyzed the corresponding
modes located within the black hole, since, in the limit a→ 0, the area of the sphere r = a
is zero so that this surface is singular. Once Q increases, the singular surface moves towards
the event horizon r = 2M , and one has to solve the problems related to the physically
meaningful boundary conditions.
If one imposes λ µr and performs a series expansion of the last term multiplying Σ′1 in
(25), to first order in a/r, this last term can be approximated to 1/(r − a) and the solution
is given by the Heun confluent functions [8], [9] as
Σ1 = C1 e
−µrHeunC
[
α, β, γ, δ, η,
r − 2M
a− 2M
]
+C2 e
−µr
( r
2M
− 1
)−2iωM+2iqQ+1/2
HeunC
[
α, −β, γ, δ, η, r − 2M
a− 2M
]
, (27)
with the parameters
α = 2µ(2M − a), β = 2i(ωM − qQ)− 1
2
, γ = −3
2
, δ = 2µ2M(2M − a)
η = −δ + i(ωM − qQ)
2
+
5
8
− λ2 . (28)
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Near the exterior event horizon, r → 2M i.e. x → 0, the Heun confluent functions in
(27) have a polynomial form if their parameters are satisfying the condition [8], [9]:
δ
α
= −
[
n+ 1 +
β + γ
2
]
. (29)
By replacing the expressions (28) in (29), one gets the relation
i(ωM − qQ) + µM = −n , (30)
for the Heun function multiplied by C1 and
i(ωM − qQ)− µM = n+ 1
2
, (31)
for the one multiplied by C2. These relations are pointing out a quantized part of the
imaginary part of ω, which corresponds to resonant frequencies [28].
3 The Massless Case
The Dirac equation has been worked out for several physically important metrics, mainly
using the NP formalism [25] and some of the solutions, especially in the massless case, have
been expressed in terms of Heun confluent functions [13].
In view of the analysis developed in the previous section, the massless and chargeless
fermions are described by the radial equations coming from the system (20), namely
S ′1 −
iω
R
S1 +
λ√
Rr(r − a)S2 = 0 ,
S ′2 +
iω
R
S2 +
λ√
Rr(r − a)S1 = 0 , (32)
with
S1 = e
iωr
( r
2M
− 1
)2iωM
Σ1(r) ,
S2 = e
−iωr
( r
2M
− 1
)−2iωM
Σ2(r) . (33)
Thus, the system (32) turns into the simpler form
Σ′1 + e
−2iωr
( r
2M
− 1
)−4iωM λ√
Rr(r − a)Σ2 = 0 ,
Σ′2 + e
2iωr
( r
2M
− 1
)4iωM λ√
Rr(r − a)Σ1 = 0 , (34)
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which leads to the following differential equation for Σ1,
Σ′′1 +
[
4iωr + 1
2(r − 2M) +
1
2(r − a)
]
Σ′1 −
λ2
(r − 2M)(r − a)Σ1 = 0 (35)
and similarly for Σ2. The solution of this equation is expressed in terms of Heun confluent
functions as
Σ1 = e
−2iωr {C1HeunC [α, β, γ, δ, η, x] + C2 x−βHeunC [α,−β, γ, δ, η, x]} (36)
where the variable is
x =
r − 2M
a− 2M
and the corresponding parameters are:
α = 2iω(2M − a), β = 4iωM − 1
2
, γ = −1
2
, δ = iω(4iωM + 1)(2M − a)
η = −δ − iωa
2
+
3
8
− λ2 . (37)
The solutions to Heun’s confluent equations are computed as power series expansions
around the regular singular point x = 0, i.e. r = 2M . The series converges for r < a
(the second regular singularity) and the analytic continuation is obtained by expanding the
solution around the regular singularity r = a, and overlapping the series.
For large x values, one may use the formula [8], [28]
HeunC [α, β, γ, δ, η, x] ≈ D1x−[
β+γ+2
2
+ δ
α ] +D2e
−αxx−[
β+γ+2
2
− δ
α ]
= e−
αx
2 x−
β+γ+2
2
{
D1e
αx
2 x−
δ
α +D2e
−αx
2 x
δ
α
}
= De−
αx
2 x−
β+γ+2
2 sin
[
−iαx
2
+
iδ
α
lnx+ σ
]
, (38)
where D is an arbitrary constant and σ is the phase shift. With the parameters given in
(37), the component S1 from (33) gets the asymptotic form
S1 ≈ D√
r
sin
[
ωr + 2ωM ln r − i
2
ln r + σ
]
(39)
which, for large r values, behaves like
S1 ∼ exp [i (ωr + 2ωM ln r + σ)] . (40)
The necessary condition for a polynomial form of the confluent Heun functions (29), leads
to the following quantized imaginary quasispectrum
ω = i
(n+ 1)
4M
. (41)
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In order to study the radiation emitted by the GHS black hole, one has to take the radial
solution near the exterior event horizon, r → rh = 2M . For x→ 0, the Heun functions can
be approximated to 1 and the (radial) components of Ψ defined in (14) and (19), with SA
given in (33) can be written as
Ψ1 ≈ e−iωte−iωr 1√
r(r − a)
{
C1(r − 2M)2iωM− 14 + C2(r − 2M)−2iωM+ 14
}
(42)
and
Ψ2 ≈ e−iωteiωr 1√
r(r − a)
{
C1(r − 2M)−2iωM− 14 + C2(r − 2M)2iωM+ 14
}
, (43)
pointing out the in and out modes
Ψin ∼ e−iωt(r − 2M)−2iωM+ 14 ,
Ψout ∼ e−iωt(r − 2M)2iωM− 14 . (44)
By definition, the component ψout should asymptotically have the form
Ψout ∼ (r − rh)
i
2κh
(ω−ωh) (45)
so that the relative scattering probability at the exterior event horizon surface is given by
Γ =
∣∣∣∣Ψout(r > 2M)Ψout(r < 2M)
∣∣∣∣2 = exp [−2piκh (ω − ωh)
]
.
Inspecting the above relations, it yields the well-known results: κh = 1/(4M),
Γ = e−8piMω
and the mean number of emitted particles
N =
Γ
1− Γ =
1
e
ω
Th − 1
,
where Th = 1/(8piM) is the Hawking temperature.
4 Conclusions
In the present paper, we have used the free of coordinates formalism to write down both
the Klein–Gordon and the Dirac equation, in their SO(3, 1)×U(1) expression, for the GHS
metric (1).
Unlike the case for bosons, it turns out that, for the charged massive fermions interacting
with the GHS dilaton black hole, the radial equation (25) does not have an analytic solution.
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However, to first order in a/r, the corresponding equations are satisfied by the Heun confluent
functions (27).
In the massless case, the Dirac equation can be analytically solved and the derived
solution, given by (36), is valid for the whole space, which includes not only the near-horizon
region, but also the far away from the black hole region. Once the relation (29) among
the Heun function’s parameters is imposed, the confluent Heun functions can be cast into
a polynomial form and the energy spectrum is given by the imaginary quantized expression
(41).
Finally, by identifying the out modes near the event horizon, we identified the Hawking
black body radiation and the expected Hawking temperature is correctly recovered.
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